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A system of nonlinear equations for steady one-dimensional heat 
and mass transfer problems is considered. Analytical solutions 
are obtained for certain special cases. 

In a p r e v i o u s  p a p e r  (4) we have c o n s i d e r e d  a non- 
l i n e a r  s y s t e m  of d i f f e r en t i a l  equat ions  of s t e a d y ,  s t a t e  
hea t  and m a s s  t r a n s f e r ,  and we have p r e s e n t e d  the 
so lu t ions  fo r  s e v e r a l  s p e c i a l  c a s e s .  In the p r e s e n t  
work  we c o n s i d e r  the m o r e  g e n e r a l  s y s t e m  

w h e r e  the function 6 (u, t) i s  a function of e i t h e r  t o r  u 
only.  We sha l l  c o n s i d e r  c e r t a i n  c a s e s  in which the 
non l inea r  s y s t e m  (A) can  be so lved  exac t ly  by  ana ly t -  
ic  me thods .  

The second  equat ion in (A) can be  r e w r i t t e n  in the 
fo rm 

-k- ~,' (t) q (t) = 0, (B) 

w h e r e  

d~ 
~' (0  - dt 

, Introducing the v a r i a b l e s  

~ (t) = y (t)/x (t), q, (t) = - q (t)/x (t), 

we can t r a n s f o r m  (B) into 

a,t (dr/ '  
dx---- ~ Jr Zx (t) - -  q, (t) = 0. (B') k d x  ] 

Equat ion (B')  can be  c o m p l e t e l y  so lved  by  ana ly t ic  
me thods  fo r  a wide c l a s s  of funct ions  ~t 1 and qi with 
bounda ry  condi t ions  of the  f i r s t ,  second,  o r  t h i rd  
kind.  We sha l l  d e m o n s t r a t e  t h r e e  p o s s i b l e  me thods  of 
so lu t ion  fo r  th is  non l inea r  equat ion.  

1. A s s u m i n g  z(t) --- d t /dx ,  we can  t r a n s f o r m  equa -  
t ion (B t) into B e r n o u l l i t s  equation,  

2. Using  the subs t i tu t ion  v(t) -- (d t /dx)  2, we can  
r e d u c e  the non l inea r  equat ion (B t) to the l i n e a r  equa-  
t ion 

do - -  -~- 2 ~a(t)v = 2qx(t). 
dt 

In t eg ra t i ng  th is  equation,  we obta in  the  function v 
= v(t) + c 1 and then find the funct ion t = t(x) f rom the 
equat ion 

dt 
V v  (t) + c: = x + c~. 

3. Mul t ip ly ing  (B) by  :~2X(t)dt/dx (the plus  s ign  
c o r r e s p o n d s  to ~ > O, we obta in  fo r  the  function t -- 
-- t(x) the equat ion 

T- 2 f [L(t)Iq(t)dt=ca, 

which can be  i n t e g r a t e d  a na ly t i c a l l y .  
The cons tan t s  c 1 and c 2 a r e  d e t e r m i n e d  by  the 

bounda ry  condi t ions  fo r  t, which m a y  be of the f i r s t ,  
second,  o r  t h i r d  kind.  

Thus  the equat ion (B) o r  {B '} can be c o m p l e t e l y  
so lved  by  two q u a d r a t u r e s  fo r  a wide c l a s s  of funct ions  
k(t), q(t), and X'(t).  

F o r  the sake  of b r e v i t y  we s h a l l  not p r e s e n t  h e r e  
* the so lu t ions  of (B ~) which we have obta ined for  v a r -  
ious  f o r m s  of the funct ions X(t) and q(t) with bounda ry  
condi t ions  of the f i r s t ,  second,  o r  t h i rd  kind.  Solving 
(B) o r  (B r) by one of the above methods ,  we can obta in  
t as  a funct ion of the independent  v a r i a b l e  x. 

In the fo l lowing d i s c u s s i o n  we sha l l  show that  the 
i n t eg ra t i on  of the  non l inea r  s y s t e m  (A) depends ,  in 

g e n e r a l ,  on the p o s s i b i l i t y  of so lv ing  the f i r s t  equa-  
t ion of th is  s y s t e m .  

In fact ,  a s s u m e  6 = 6(t) .  Then, so lv ing  the second  
equation,  we cml r e p r e s e n t  the  d e r i v a t i v e  d t / d x  by  
m e a n s  of a known f u n c t i o n f  (x), i . e .  d t / d x  = f (x ) .  The  
f i r s t  equat ion of (A) then b e c o m e s  

dz Z , ( t )  z = q l ( t )  
7i7+ --7--' 

fo r  the unknown z = z(t), which can be  so lved  ana ly t -  
i c a l l y  for  a l l  cont inuous  ),~ and qt. a2aus equat ion (B') 
can  be  so lved  by  two q u a d r a t u r e s .  

a(u) ~ + a(u)$( t ) f (x)  } = h(u) .  i t )  

We sha l l  now c o n s i d e r  those  e a s e s  in which we can  
obta in  an exac t  so lu t ion  of the  n o n l i n e a r  equat ion (C), 
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and hence a solut ion of the sys t em (A), by analyt ic  
methods .  

I. F i r s t  cons ide r  the case  when 6(t) = 1/v~-v~{t) + c 1 
(2) or 5(t) = 1/j  (x). The f i r s t  equation of (A) then 
becomes  

du d2u +al(u)  +al(u)  +hi(u)  = 0 , '  (1) 

where  

1 da h (u) a~(u) - , h~ (u) - 
a(u) du a(u) 

The subs t i tu t ion  p(u) = du/dx reduces  (1) to Abel ' s  
equation 

dp 
P~u  q-a~(u)P2-+-a~(u)p+hl(u)=O' (2) 

which can be solved only in ce r t a in  specia l  cases .  
The case  h(u) ~- 0 (and, consequently,  hl(u ) - 0) 

is of p a r t i c u l a r  i n t e r e s t .  In this case  equation (2) 
becomes  l i n e a r  in p and can eas i ly  be in tegra ted  for  a 
wide c lass  of function al(u). Thus, if h - 0 the sys tem 
(A) can be in tegra ted  to the end by analyt ic  methods.  
This case  has a p rac t ica l  appl icat ion in p rob lems  of 
heat and m a s s  t r a n s f e r .  Some solut ions of this case  
were  given (4). 

II. Let now 6 = 5 (t) be an a r b i t r a r y  function and 
let  h(u) = au, where  a(u) = a = const .  Solving the second 
equation in (A) we find t = t(x). The product  6 (t)dt/dx 
is then a known func t ion f (x ) .  The f i r s t  equation in 
(A) becomes ,  then, 

d2u 
- -  - -  u - -  - -  f '  ~ x ) ,  ( 3 )  

d.v 2 

w h e r e f ' ( x )  = d f / d x .  Equation (3) is the well  known 
equation of forced osc i l la t ions ,  which can be in tegra ted  
ana ly t ica l ly  to the end. Its genera l  solut ion is 

x 

u = c ~ e x p ( x ) + c 4 e x p ( - - x )  .!' f ' ( t)st l(x--t)dt .  
0 

Taking account of the bounda ry  condi t ions  (of the f i rs t ,  
second, or th i rd  kind), we obtain the constants  c a and 
c a. Thus, the non l inea r  sys tem (A) can be comple te ly  
solved also in this case .  

III. L e t a ( u ) = a = c o n s t ,  5(u) f u ,  h ( u ) = 0  a n d i e t  
d t /dx  = f  (x) be a known function, obtained by di f fer-  
en t ia t ing  the solut ion of the second equation of the 
sys tem (A). The f i r s t  equation of the sys tem t h e n  
becomes  

d fdu tl 
d.~ I~l.T + " f  (x) = o. (4) 

The solut ion of this equation is 

u = e -P [C3 + C~ 1 eFdx], 

where  F(x) = f f ( x ) d x .  The cons tants  c 3 and c 4 a re  then 
found f rom the boundary  condit ions for  u = u(x), y ie ld -  
ing the final solut ion of (A). 

IV. System (A) can be solved a lso  in a case m o r e  
genera l  than the las t  one. Let, in con t r a s t  to Case 
III, h(u) = a[q(x) - bu], where q(x) is a known function 
and b is a constant :  Ins tead of equation (4) we now 
have 

d 2 ~  u + f ( x ) ~ + l f ( x ) + b l u = q ( x ) .  (5) 
dx 2 

This is the well  known equation of s u p e r - r e g e n e r a t i o n  
of a r e c e i v e r  (2). The genera l  solut ion of (5), with 
the cons tants  c a and c 4 de te rmined  f rom the boundary  
condition, cons t i tu tes  an exact  analyt ic  solut ion of the 
non l inea r  sys tem under  cons idera t ion .  

In conclus ion we shall  p r e s e n t  another  case,  even 
more  complex than the Iast  one, in which sys t em (A) 
can be solved by quadra tu res .  

V. Let a(u) = a = const,  5(u) = u, d t /dx = f ( x )  and 
h(u) = a /u .  The f i r s t  equation in (A) becomes  now 

d~u du 1 
.dx-- 7-  + ~(x) Tx +['(x)u = - - .  ( 6 )  

U 

This equation has been studied in detail  by Leko [3 ]. 
Its genera l  solut ion is 

~exp[ f f (x)dxldx = c3~exp[ ~edelde  + c4, 

u = c3 exp (J" ede) exp [--  ~f(x)dx], 

where e is a p a r a m e t e r  and ca, c 4 are  a r b i t r a r y  con-  
s tants  de te rmined  as before by the boundary  condi-  
t ions for u = u(x). The p a r a m e t e r  e is in t roduced by 
the auxi l ia ry  equation 

d2x + f ( ~ ) (  dx~: ~dx 
d~ - - - ~  ~ l  -- ~ =0, 

which is used in the in tegra t ion  of (6). 
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o r  

_f'u__-7"'.f(x) du 
dx ~ ~)U + i ' ( x )  u =- O. (4 ' )  
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